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1)
Let x be a multi-dimensional random variable with a joint (multivariate) Gaussian distribution V' (x|u, %) with A = X1 and:
=) w=G) == ) A= G )
Following are proofs for:
1.1)
p(xalxp) = N (x|taip Zajp ), where o, = g — Agalap (xp — ip) and T, = Aga:
We measure p(x,|x;) by looking at p(x,, x;) and fixing x,.

We know that in the Multivariate case:

11 1 .
p—rexp |~ 5 (= WTE G - )
@m)7 [3)2

N(x|p,2) =
Looking at the exponent and breaking it down we obtain:
(-G (e A (G- () -
(5 4 (4 L) (o D+ @ )+ (s )+ (6 ) (0 )+ (o 2) -

1
_E [(xa - :ua)TAaa(xa - :“a) + (xa - /’ta)TAab (xb - .ub) + (xb - :ub)TAba(xa - .ua) + (xb - .ub)TAbb (xb - ,le)]
A=

The exponent in its general form is:

1 1 1 1 1 1 1
Tl ANTy=1(n _ — _ _,Ty-1 - Ty-1 S Ty—1., _ — , Ty-1 — L Ty-1 Ty—-1,, _ — , Ty—1
2(x wrtx—pw 2x2 x+2x2 ,u+2u2 x z,uE K3 symmetric 2x2 x+x'27M 2/12 U

=>r~1lalso

Now we will address x, as the variable in (4) and x;, as a constant, and observe the second-order terms w.r.t. x, in (4):

T
- E Xa Aaaxa

And by comparing with the general form:

1 1
—ExTZ‘lx = —zngaaxa eI l=Age

Now the terms in (A) that are linear in x,:

- E [_ngaaﬂa - .uaAaaxa + xz;Aabxb - x;jAabﬂb + xIT;Abaxa - HgAbaxa] =

[Note: A, is symmetric, Ay, = A}, and we know that xT Ay = yT AT x]

1
_E [_ngAaa/la + 2x(anbxb - ngAab:ub] = x; [Aaaﬂa - Aab (xb - /Jb)]

And by comparing with the general form:

xTZ_lﬂ = xz[Aaaﬂa - Aab(xb - .ub)] 4 2—1# = Agallqg — Aab(xb - .ub) Su= z:(Aaaﬂa —Aap (xb - #b))
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Now we plugin Zq, = AL and obtain:

Hap = Aatlz(Aaa/la - Aab(xb - .ub)) = ‘ﬂa - A;éAah(xb - ﬂh)‘

Thus we have proven that p(x,|x,) = N(x|ua|b,2a|b).

1.2)
p(xa) = N(xalﬂa' Z(1.(1.):
The marginal distribution p(x,) is given by:

p(x,) = fp(xaﬂxb)dxh

Now looking at (A) like before only now x, is the variable and x, is addressed as a constant, the terms in the exponent

involving x,, are — %xTZ'lx + xT%1y, and plugging in what we have derived for x,, only now w.r.t. x;:

1
- EXZAbbxb + x5 [App ity — Apa (X — 1g)]
Denote m := [Apptp — Apa(Xq — Ug)]; we will now bring this expression to a standard quadratic form of a Gaussian

distribution plus some term independent of x;, but dependent on x, (the following is backwards):
1 -1 T -1 1 T A—1
5 (xp = Appm)” App (xp — Appym) + Zm Appm =

1 1
5 [ocp Appxp — X4 Mpp Ny — (Appm)T Appx, + (Appm)T App Apym] + EmTAg,%m =

[Note: (Apym)™ = m" (Ap3)" = m" Ay
1 1

1 1 1
—ExZAbbxb +Exgm + Emeb —zmTA;gm + EmTA;;m = —Ex,fAbbxb + xlm

equal cancel each other out

Therefore when we take the exponential of the quadratic form we got, the integral is of the form:
1
J exp [_ > (xp = Appm) Ay, (x, — Apym) | dx,,
Now we can integrate out x;, and the only term dependent on x, is:

1 TA-1 1 T A—1
Em Appm = 2 [Appity — Apa (g — )] Aps [Appity — Apa(Xq — 1a)]

And combined with the other x,-dependent terms in (4):

1 1
E [Abb.ub - Aba(xa - ﬂa)]TAZI% [Abbﬂb - Aba(xa - .ua)] - Engaaxa + XZ: [Aaaﬂa + Aab.ub] +C =
Where C is a constant independent of x,. Developing this further, given A, is symmetric and AT, = A,,, more terms are

added to the constant part:

1
E [#;ATI;DA;;Abb#b - ﬂZATI;bAZ;Aba(xa - .ua) - (xa - ﬂa)TAgaAE;Abbﬂb + (xa - .ua)TATI;aAZl%Aba(xa - #a)] -

1
— Engaaxa + xI[Agatiq + Agpip] + C = [note: now we get rid of some terms into C]
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1 1
E _#gAbaxa - xZAab/'lb + xZAabA;%Abaxa _levAabA;l%Aba.ua - .HZAabA;l%Abaxa - Engaaxa +

equal equal

+xg [Aaaﬂa + Aabﬂb] +C =

1 1
_xZAab.ub + ExZAabA;l%Abaxa - levAabA;l%Aba.ua - Engaaxa + ngaa.u-a + ngab.“b +C=

1
- Exg (Aaa - AabA;l%Aba)xa + Xg (Aaa - AabA;I%Aba).ua +C

And now we compare quadratic and linear terms with the general form as before:

1 Ty-—1 1 T -1 -1 -1 -1 -1
_Ex Xx = _Exa (Aga = AapNppApa)Xa © E70 = Ngg — AapAppApa © |Z = (Aag — AapNppAba) ‘

And denote that 2, := X = (Agq — AapDApiApa) ™t

XTE = x§ (Aaq — AabA;I%Aba)ﬂa I u=(Ng — AabAZ}%Aba).ua m’ﬂ =24(Aaa — AabA;I%Aba)l-la = l—la|

Therefore the mean is u,. To simplify ¥, we will use:

-1 _ -
(g g) =(—D{V{CM D‘1+glﬁlngBD‘1)

Where M = (A — BD™1C)™1. We know:

(Aaa Aab)_1 — (Eaa E:ab>
Apa  Dpp Zpa  Zpp
Therefore £,, = (Agq — AapApiApe) ™1, which is exactly I, therefore £, = Z4,.

Finally:

|p(xa) = N(xallua' z:aa)|

2)
Let a generative classification model for K classes be defined by prior class probabilities p(C;) = 1, and likelihoods given
by Gaussian distributions with a shared covariance matrix:
p(x|Cy) = NV (x|, X)
Let there be a training set {x,, t, }]\_; with t, as binary target vectors of length K with 1-of-K coding scheme and the data
points are drawn independently from this model.
Following are proofs for:
2.1)

For N, being the number of data points assigned to class Cy, the maximum likelihood for the prior probabilities is ), = %;

Denote t = (ty, ..., ty)7, the likelihood is:
p(tl{me}) = TNy [T [V G |, 21 = Inp(t{my ) = TN_y 2isy tlInm + In NV (x|, 2)] =
1

Tt Tt [lnni + ln( =7 exp [~ 3 (o — 1) "2y — ui)])] =

(2m? |z|2

Ny T tng [Inm — 2In(2m) = 2Infs] =3 ( — )72 (0 — 1)
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We add a Lagrange multiplier A(3X¥, m; — 1) (as XX, m; = 1) and derive with respect to m:

N K N
APt m)) O b B B B
B T—— —+/1 0e nk—Nk— lnkﬁ tnk——/l T, eoN=—11=—-N>
k n= 1 over k g=1n=1
Ny
(*): N, = —Amy, © My, = N

2.2)

The maximum likelihood for the mean of the Gaussian distribution for class Cj (which represents the mean of the data
points assigned to class Cy) is Y, = NLZﬁzl thrXn:
k

We derive the log of the likelihood we got before, only this time w.r.t. ;. We can ignore some terms that will fall out in the

derivative, and derive only 4 := —%Zﬁzl i (6 — )72 (x,, — ) (disregarding constants):
N N N N

9A et 1
a—zztnk(xn_:“k) X ZO@Ztnk(xn_.“k)zo Z kxn_z tak Uk < sz_z tnkXn

U z Ny

n=1 n=1 n=1 n=1 n=1
=Ny

2.3)

The maximum likelihood for the shared covariance matrix is X = Z’k(zl%Sk where S}, = Nikzﬁzl e (O — i) (6 — )™

a N, 1 1
We need to show that 2y, p = Z£=17kN_k =1 tnie (tn — i) (n, — )" = ;an =1t (Xn — i) (0 — )" | =: A
We derive only terms with X and ignore constants. Denote B := YN_ YK  tn; [— %lnIZl — % (xp — )2 (x,, — ui)]:

Notes:
e —In|Z| =In|Z|™' =1n|27|
o (= )2 o0 — ) = tr((en — )TN0 — ) = tr(E7 (e, — 1) (x, — 1)7) — because of trace invariance

otr(AB) __ B

” T and of course (xxT)T = (xT)TxT = xxT.

under cyclic permutations. In addition:
K N N
-1 1 -1 T
>B=) Z wI[ZT =5 bt (27 G = 1) G — 10T | =
i=1 n=1
K 1 N K N K N
Z [2 Z tnLZ - _Z nl(xn ,uz)(xn ML)T] =0 Z Z tniz = Z Z tni(xn - ﬂi)(xn - .ui)T And
i=1

n=1 i=1n=1 i=1n=1
K N K N 1 K N
EZ Z thi = Z Z tni(xn - :ui)(xn - ﬂi)T e |X= Nz Z tnk(xn - /Jk)(xn - /Jk)T =A
i=1n=1 i=1n=1 k=1n=1
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3)
Let X = {x,}}'_; be a set of data points with a convex hull defined as x = ¥N¥_, a,x, where a, = 0,¥N_, a, = 1. Let
Y ={y}M_, be another set of data points with their corresponding convex hull y=YM_, B . where
Bm = 0,YM_ B, = 1 (generalizing from the question, where Y = {y, } implies |Y| = |X]).
X andY are linearly separable if there exists a vector W and a scalar wysuch that:
(1) Vx, €X: Wix, +wy >0
2) Vyp€eY: Wy, +w, <0
Following is a proof that: X and Y intersect = X and Y are NOT linearly separable:
We will show the contraposition: X and Y are linearly separable = XNY = @.
Assume X and Y are linearly separable, then there exists a vector W and a scalar wy such that (1), (2) apply.

The linear discriminant for the points in the convex hull of X:

—1an=1
n=1 n=17n n=1

N N N
) =wTx +wy =w7 (Z anxn> +w, = Z a,(WTx,) + w, o Z a,(WTx, + wp)

n=1

Similarly the linear discriminant for the points in the convex hull of Y:

M
FOY= D Bn@ y +w)

Assume that XY # @, then there exists p € XY such that:

F®) = an@ Do+ w0) = D (@ py +w)

But, due to the constraints on «;, f3;, it is impossible that both f(p) = W'p,, + wy > 0 and f(p) = WTp, + wy < 0, thus X
and Y are not linearly separable, by contradiction to the assumption. Therefore there cannot exist such p € XNY, and so

XNY = @, as required to show.



