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1)
1.1)
If we use the slack variables, the classification constraints will become:

tny(xn) =21- Srn

Forn =1, ..., N, where the slack variables are constrained to satisfy &, = 0.

1.2)

The error function that we ought to minimize becomes:

N
1 2
A
n=1

Where C > 0 is intended to control the tradeoff between the slack variable penalty and the margin (when C — oo, the

above is reduced to SVMs for separable data).

1.3)

Using the above, the corresponding Lagrangian is:
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Lw,b,2) = ZIWIE + € D 6= D anltayCi) = 1+ 63 = ) bk
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n=1
Where {a,, > 0}Y_, are the Lagrange multipliers for the classification constraints and {a,, = 0}_, — for the non-negativity
constraint on {&,}V_,.

Deriving the quadratic error function and its constraints (with KKT conditions) that needs to be minimized to compute {a,}:
The set of KKT conditions are:

a, =20
tny(xn)_1+€n =0
a,(t,y(x,) —1+&,) =0

hn =0
{fnzo

Unén =0
Forn =1,...,N. Recall that y(x) = wT¢(x) + b, we now optimize out w, b and {&,,}:

The derivative of L w.r.t. w and b is not different than the case without overlapping class distributions, and so we can

immediately determine:

oL N
ow =0=>w= Z Antn@(Xn)

n=1
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% =0= z a,t, = 0
n=1
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Now for &,:
a_L _ a(C Zg=1 fn - Zﬁ:l anfn - ﬁ:l ,unfn) _ a(Cfn - anfn - .unfn) -0
23 ¢y 0%,

3)
Recall that k(x,x") = ¢(x)T¢(x'). Using the results above we obtain the dual Lagrangian form:

L(a) = % Iwll? + Ci £0 — Z Aty (t) — 1+ &4} — i ik =

1 N N " " N N N i N N

2 T _ T _ _
. Z mZ Qo bt (%) T () + CZ £ Z mz i bt (%) b () Z Qntab + Z a,

L=
(2)==0

N N 1 N N N N
- Z Ann — Z UnSn = _Ez Z A A En bk (X, X)) + Z $n (C —Hn — Cln) + a, =
= n

n=1 n=1 n=1m=1 n=1 (3)==0 =1

N 1 N N
Z an — Ez Z anamtntmk(xnixm)

n=1 n=1m=1

With respect to {a,,} subject to the constraints:

0<a,sCvVn=1,..,N
N

Zantn =0

n=1
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2)
Let x; € C; (t; = +1) and x, € C, (t, = —1) be the only two data points from each of the two classes. Following is a proof

that irrespective to dimensionality this is sufficient to determine the location of the maximum-margin hyperplane.
We are given:

y(x) =wix; +b=+1

y(x) =wlx, +b=-1
Looking at the dual problem we need to find:

~ N L
max L(a) = max (Z a, —Z Z amtntmx,Tlxm>
a a 2
n=1m=1

For N = 2 and subject to the constraints a; = 0 and YX_, a,t, = 0 =

{al —a,=0 (4)
a;,a, =0 (B)

~ 1
L(a) =a; +a, — E(aftlzxfxl + aiaytitxTx, + aza byt xlxg + a%tzzszx2> =

equal

S a3x;x;

a?xTx; + a;a,xTx, — 5

1
a, +a, — E(a%xfxl —2a,a,xTx, + a2x¥x,) = a; + a, — >

Denote the kernel: x[x; = k(x;,x;) = k;;:

L(a) =a; +a, — _a%kn + ajakq, — Ea%kzz

2

To maximize L(a) we find partial derivatives:

dL(a)

aal =1- a1k11 + a2k12
dL(a)

aaz = 1 - a2k22 + a1k12

Comparing both derivatives to zero and subtracting the first equation from the second:

1-— azkzz + a1k12 - (1 - a1k11 + azklz) =0o1- a2k22 + a1k12 -1+ a1k11 - a2k12 =0

arkir — azkyy tkip (g —a) =0 ay = azllz_jj
(4)=0=
Assigning in the second equation:
kookip, — kyok 1 k 1 k
1—(12k22+z12k—ik12 =O@az$= -loa, = k_zzﬁ: a, _k_zzrnku
1 kiq ks, _ 1
R P
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Taking second derivatives to assure maximum:

9%L(a)
W:_k11<0
1

Since ky; = xTx; = ||x]|? > 0 (or simply because the kernel is a positive-definite function). In the same manner:

92L(a)

aa% = _k22 <0

Therefore both a4, a, found are maxima. Now all is left to do is to assign a;, a, to w and b:

i ) 1 1 kg 1 < ki )
w = a X =X X W=\, X
=1 e " kll - klZ ! kZZ kll - k12 2 kll — klZ ! kZZ 2

1 1
b= N_Sz (tn - Z amtmknm>,ﬁgb = 5(1 — (arkyq — azksp) = 1 = (a1kyy — azky,)) =

nes mes support

vectors
L gk, + ask gy + agk 1( Lk L )
=—| — — =——- — =
2 Gf v Gl — itz 1(il)=>0i1 21 7 (222 2\ky; ki1 —kip 2 ki1 — k2 H
1
=————— (ks —ky1) = [b =0]
2(ky1 — kq2) . .

Therefore we have found the location of the maximum-margin hyperplane with only two data points, and it is irrespective

of the dimensionality of the data space (used some general dimension x4, x;).
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3.1)

The joint probability distribution for the given graphical model:

p(x)p ()P (x3 o )p (g |x2, x1)p (x5 |22, x1)p (X6 | 2x3) 0 (27 [ x4 (xg |25 )0 (29| X3, X5)
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3.2)

Checking whether the conditional independence holds:

a. X, 1l x9|x3 when x, observed:

The path x, = x5 = x4 is unblocked, since x5 is the only intermediate node on the path, it is head-to-tail but not an
observed node. Therefore the given conditional independence does not hold.

b. x¢llx;|xs when x; observed:

All paths from x4 to x;:

®  Xg = X3 > X1 = X4 = X5:Xq is tail-to-tail and observed, so it is blocking the path.

o Xg = X3 X > Xg > Xy = X4 = X7: Xy is tail-to-tail and observed, so it is blocking the path.

® X > X3 > X9 = Xs = X1 = X4 = X7: Xg is head-to-tail and observed, so it is blocking the path (and x; also blocks it).
®  Xg > X3 X9 Xg = X = X4 — X7: Xg is head-to tail and observed, so it is blocking the path.

Since all paths from x4 to x, are blocked, the conditional independence holds.



